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Abstract 

When the normal bundle Nz /x is convex with a minor assumption, we prove that genus— GW-invariants 
of the blow-up BlzX of X along a submanifold Z, with cohomology insertions from X, are identical to GW- 
invariants of X. Under the same hypothesis, a vanishing theorem is also proved. An example to which these 
two theorems apply is when Nz /x is generated by its global sections. These two main theorems do not hold 
for arbitrary blow-ups, and counter-examples are included. 
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1 Introduction 

In ||28l . Y. Ruan proposes naturality problems of quantum cohomology rings under birational surgery. In lfT4l ||27l . 
GW-invariants are used to classify symplectic manifolds in a symplectic birational geometric program. Re- 
cently, there has also been substantial progress in crepant resolution conjecture. On the other hand, blow-up 
formula for GW-invariants is known only for very few cases. Let tt : X — > X be the blow up of X along the sub- 
manifold Z. A natural question is if the induced genus— GW-invariants of X coincide with the GW-invariants 
of X. That is, if e H*{X) and (3 G H2{X), do we have 

(7r*ai, • • • , 7r*a„}^„ ,,!^ = (ai, • • • , a„){^„^/3? (1) 

When formulated in this generality, the answer is negative (see Remark 9 in [3J or Example 14.201 1. In (|9], 
lfT2l and lfT3l . the answer to Question ^ has been shown to be true in some cases, where dim Z < 2 with 
various assumptions, including the requirement that cohomology insertions are supported away from Z when 
dimZ = 2. In this paper, we will show that if the normal bundle Nz/x is convex with a minor assumption, 
then the answer to Question ([T) is also affirmative. This provides examples where dim Z can be any number 
without assuming cohomology insertions are supported away from Z. First recall the definition of a convex 
bundle; 
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Definition 1.1. A vector bundle W over a manifold Z is called convex if and only if (P^ , /* W) = for any 
holomorphic map / : ^ Z. 

In this paper, we consider two classes of submanifolds Z C X. 

Definition 1.2. A connected submanifold Z C X is of type I, if the following two conditions are satisfied: 

1 • Nz/x is a convex bundle over Z, 

2. There is a subbundle T in Nz/x with rank rk(J^) > 2, and T is generated by global sections. 

An example of type I is when Nz/x is generated by global sections. 

Definition 1.3. A connected submanifold Z C X is of type II, if every holomorphic map / : P^ — > Z must be 
a constant map. 

For example, Z is of type II if Z is a product of higher genus curves or abelian varieties. 
Our first main result is the following: 

Theorem 1.4. Suppose each connected component of the submanifold Z — ]Jj Zi G X is of type I or type II. 
Let V be a vector bundle over X, and c be an invertible multiplicative characteristic class. Then we have an 
equality of genus-0 twisted Gromov-Witten invariants 

{ai,--- ,an)Q'nJ = (7r*ai,--- ,'^*a7i)Q^^y.i^, where Ui G H* {X) for all i. 

Given an arbitrary projective manifold X, Example 14. 1 6l provides several ways to find a submanifold Z C 
X, so that Nz/x is generated by global sections. This is the major source of examples to which Theorem 11. 41 
applies. Type I and type II cases cover most cases when Nz /x is convex. We speculate that Theorem I 1 .4| holds 
as long as Nz/x is convex without any additional assumptions. 

Convexity of the normal bundle is a critical assumption in Theorem ll.4l This is illustrated by Example l4.20l 
which has the following properties: 

(1) The submanifold Z C X has enough freedom to move inside X, so that Z can avoid any finite collection of 
holomorphic curves. 

(2) The moduli spaces of X and X are both smooth and birational to each other 

(3) The difference of (push-down) virtual classes has non-zero contribution to GW-invariants. Therefore the 
conclusion of Theorem I 1.4l does not hold in this case. 

In this example, the non-convex part of the normal bundle Nz/x "twists" the obstruction bundle on the moduli 
space of X, and gives rise to the correction term of (push-down) virtual classes/GW-invariants. 

Theorem I 1.41 is a direct consequence of the following equality of virtual classes. Wq and Wq are degenera- 
tions (from deformation to the normal cones) of X and X respectively. 

Theorem 1.5. Suppose each connected component of the submanifold Z — ]Jj Zi (Z X is of type I or type II. 
Then we have 0* \M{Wo, 0, n, tt'/?)]™ = [A7(Wo, 0, n, /3)]™. 

In some special cases, Theorem ll.Sl can be improved as follows: 

Theorem 1.6. Suppose Z is the transversal intersection of two arbitrary manifolds X and Y in a compact 
homogeneous space V. Then we have ip^\MQ,,^{BlzXy■^i)X''' = [>lo,«(X, in the Chow group. 

As a corollary, if X is an arbitrary projective manifold and Z is a collection of points, then the equality 
of virtual classes holds. The case where X is a convex manifold and Z is a collection of points, has been 
proved in ^ . We remark that when 5 > and Z is a point, in general we have <f4Mg,n{BlzX,TT'f3)Y" ^ 
[A^g..(X,/3)]™-. 

The second part of this paper is a vanishing theorem. First we introduce some notation. 
. \n\ :={1,2,--- ,n}. 

• Given A C [n], use r.a^ to denote descendant insertions {-r^^ -aajaeA. where G H*{X) and ia > 0. 
If ia = for all a E A, then T,aA is simply denoted by a a ■ 

• 1^:= , 1), where 
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• The product t,q;a • t,^b {n^+jt ■ ^ lb}a=beAr\B U {n^ ■ aa}a£A-B U {r,^ • 7;,};,eB-A- 

• The GW-invai-iant (r.a^ • 1[„] ^ is simply denoted by (T.a^ )o n 

Theorem 1.7. /, J, if ore disjoint sets with J C [n]. Suppose Z = (Ujg/ Zi) U (Uje i ^j)^ (YikeK ^k) is a 
disjoint union of submanifolds in X, with the following assumptions: 

• For each i E I U J, Zi d X is either of type I or of type II. 

• For each k E K, Nz^ jx is convex. 

• The curve class /3 = 7r'/3 + '^if^jdiCi + '^j^jdjCj + X^fceK '^fe^fe ^^^^ '^i O/^"" i E I, and 
^ /3 £ H2{X). Here e, are the exceptional line classes. 

• to J is a collection of cohomology classes in H*{X). And PD-^(ujj) lies in the image of H^{Ej) — > 
H^,{X), where Ej is the exceptional divisor 

For i E I U J, define 

r. ( rk(^) — 1 ,ifZi<Z X is of type I, and CZ Nz-fx is g^f^^'''^ted by global sections. 

' = \ Tk{Nz^^x) - 1 ,ifZ,G X is of type 11 

Then 

{n*aA ■ r,7[„] • ljj )^,^^^^ = when deg ua > 2vdimc7Wo,A(-'^, /?) - 2 ^ (5^ - 2 ^ (5-,-. 

iei jeJ 

Here a a is a collection of cohomology classes from X with A C [n], and t,7[„] are arbitrary descendant 
insertions of X. 

Roughly speaking, when taking J = 0, Theorem |1.7| can be numerically interpretated as: 

The image of ip : J^o^n{X, (3) — > A4q.a{X, (3) has "virtual codimension" > 5i. 

Therefore, if there are too many cohomology insertions from X, then the GW-invariant of X vanishes. In 
Gathmann proved a vanishing theorem for genus-0 non-descendant GW-invariants when blowing up at points. 
Theorem ll.7l is a generalization of Gathmann's results in two aspects: 

(1) There is no restriction on dim Z. (^2)Theorem ll.7l also holds for descendant GW-invariants. 

We remark that Theorem I 1 .7l onlv holds for blow-ups with convex normal bundles, but does not hold for arbitrary 
blow-ups (see Example 15.1 St . 

In Example |5.13l we use Theorem I 1. 7 | to show that, given any algebraic surface S which is not (birationally 
equivalent to) a ruled or rational surface, then most genus— descendant GW-invariants of S are zero. When 
Pg{S) > 0, this conclusion has been deduced from the Image Localization Theorem of holomorphic two forms 
in 120J. 

The tools used in this paper are : degeneration formula ( ||2T|| IfTSlI Il22ll ||26l ). compatibility of perfect 
obstruction theories (see Definition 13.31 and I2l|[l3f23l) and deformation invariance of virtual classes. Since 
there is no assumption on the manifold X, the moduli of stable maps of X can be highly singular. Instead of 
analyzing singularities of the moduli space (which is nearly impossible), in Section 3 we show that if Nz/x 
is convex, then A^o,n(-^, P) Mo,n{X, 7r,/3) has compatible perfect obstruction theories. General blow-ups 
don't have this property. We use Proposition l3.15l as a criterion to the equality of (push-forward) virtual classes. 

To prove Theorem I 1.61 we deform the submanifold Z so that the technical assumption in Proposition 13. 151 
is satisfied. Regarding the type I case in Theorem [T3] degeneration formula (in cycle forms) is used to split 
the problem into various relative virtual classes associated to a ruled variety Pz{Nz/x © Oz), and then the 
submanifold Z is moved so that the technical assumption in Proposition [TT5] is satisfied. For type II case in 
Theorem 1 1.51 we move holomorphic curves instead of Z and argue directly. Although one can always move 
holomorphic curves as long as Nz/x is convex, there is a technical difficulty in applying Proposition |3. 15| due 
to singularities of the moduli space. See Remark |4.19| for discussion. 



3 



Our starting point for the vanishing theorem is Lemma 15.11 which also requires compatible perfect ob- 
struction theories, and therefore doesn't hold for arbitrary blow-ups. The bound of the degree of cohomology 
insertions in Theorem ll.7l is deduced from codimension analysis of the image on virtual normal cones. 

When Nz/x is a direct sum of convex and concave bundles, in general we have 

(7r*ai, • • • , '^*an)Q^ny.p + (ai, • • • , a„)^„_^. 
The correction term will be discussed in the future. 
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2 Preliminaries and notation 

Given a projective manifold X and a curve class /? G H2{X), the stable maps moduli A^g /3) collects 
all holomorphic map from a genus-g nodal curve with n marked points f : C ^ X. These holomorphic 
maps are required to satisfy the stability condition, which means the automorphism of each map is finite. Let 
C := Aig^n+i{X, (3) be the universal curve of M := A4g,n{X, (3). Recall that the perfect tangent obstruction 
complex of Mg.n {X, (3) is given by 

T, - [T, ^ T2] = [£xtl/,,{[r^x - ^c/m{D)],Oc)], 

where / : C ^ X is the universal map and D are the marked sections of Mg,n{X, (3). One also has: 

1. a evaluation map ev : Aig^niX, (3) X^\ which evaluates at the marked points, 

2. a line bundle with the fiber over (C, ai , • • • , a,i , /) isomorphic to the cotangent space of C at . 

Let i/'j be the first Chern class ci(Li). Given ji £ H*{X), for i — 1, • ■ • , n, the genus-g descendant 
Gromov-Witten invariants are defined as: 

{TaHl: , Ta„ln)ln,0 = / , ^1^ H ' ' ' H H eV*(®^^i7,). 

Suppose F is a vector bundle over X. Consider the universal family: 

Mg^n+i{X,(3)^^"x 



Mg,n{X,l3) 

[RTTn+i)* ° Ki+ii^) '^^11 be represented by a two-term complex of vector bundles [Vb Vi\. If c is an 
invertible multiplicative characteristic class, the twisted genus-g descendant Gromov-Witten invariants defined 
in ||4| are given by: 

(Ta, 71, • • • , Ta„7„)f "'J = / . H • • • H H ev*(®r=i7.) n c(Vb 9 ^i). 
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3 Blow-ups with convex normal bundles 



3.1 Compatibility of perfect obstruction theories 

Given any morphism tt : Y X of two projective manifolds and (3 G H2{Y), there always exists an induced 
map (f : A4g^n{Y, P) ^ J^g,n{X^ n^P), as long as A4g^n{X, 7r,/3) makes sense (this is equivalent to saying 
n > 3 if 7r*/3 = 0). Suppose £, — [£i — > £2] and !F, = [J^i T2] are the perfect tangent-obstruction 
complexes on A4g,n{Y, l3) and A^g_„(X, tt,/?) respectively, there always exists a natural map £, — > ip*J-, in 
T>{Oj^ (y /3))' '■^^ derived category of the coherent sheaves on A^g „(y, f3). The obstruction sheaves of £, on 



h^{£, ) and Ob 



7Mg,„(X,Tr./3) 



:= h'iJ',). 



Mg^n{Y, (3) and on M.gji{X, tt,/?) are defined as Ob^^ 
There is a natural map Ob^^^^^^^) ^ </'*(Ot'xT^,„(jf^^))- 

Suppose we have a stable map p = {C,a, /) £ Mg^n{Y, 13), where C is a nodal curve and a C C are 
the marked points. The composition tt o / : [C, a) ^ X might not be stable. One contracts the unstable 
components to obtain the domain curve C. Then (p{p) G ■Mg,n {X, 7r*/3) is given by (C, a, /), where a C C are 
the marked points after contraction. We have the commutative diagram: 



Y 



-0— stablization 



X 



Lemma 3.1. There are canonical isomorphisms: 

1. H°{CJ*TX) = H°{C,f*TT*TX) 

2. H^{CJ*TX)^ H^{Cj*TT*TX). 
Proof. 

C^C 



Set = f*TX, then there is a natural morphism 
of Cunstab, it must be a genus-0 nodal curve. Therefore 



point 

° Ltp*{T). For any connected component d 



H\C,,Oc^ = C and W{C,, Oc J = , for j ^ 0. 

This implies JT ^ i?-;/)* o Lip*{T) is an isomorphism. Since C and C are proper, we have 4". = V"* and 
pt\ — pt*, therefore 

RpUiT) RpU o R^^ o LiP*{T) = Rph o ij^i ° ^'/'*(-?^) = ^(pi o V'): ° ^'/'*(-?^) 
is an isomorphism. The lemma follows from cohomology of this isomorphism. □ 



Let TT : X :— BlzX ^ X be the blow-up of X along Z d X. When 5 = and the normal bundle 
is convex, we have surjectivity between obstruction sheaves. 

Proposition 3.2. If Nz/x '■s convex, then the natural map Obj^^ ^-j (p*{Obj^^ ^ ^j) is surjective, 

where (3 e H2{X). 

Proof. For convenience, denote A^o,n(^, /?) by M and 7Wo,„(X, 7r*/3) by M. Given a point p = (C, a, /) e 
M, the obstruction space is (Objyj)p = h^{£, ®Og., k{p)). We also have {ObM)p = h^{^» ®Om ^(p))' where 
p :— (p{p) = {C,a,f) G A/. Consider the following commutative diagram of the right exact sequence (see 
Lemma im i : 

H^c, rrx) ^ (Ob^^)p — ^ 



H\Cj*7r*TX) 



H^{C, f*TX) 



(ObM)p . 
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It suffices to prove 

H\C, f*TX) H\C, f*Tr*TX) is surjective. 
First we pull back the blow-up exact sequence (see Lemma 15.4 in [Isl) 

O^TX ^ TT*TX -> 
to C, where Q is the universal quotient bundle on the exceptional divisor E = P{Nz/x)- 

f*TX -> f*TT*TX f*Q 0. 
And let Ki and K2 be the corresponding kernels 

0-^ Ki^ f*-K*TX f*Q 

0^X2-^ f*TX 
Since the domain curve has dimension= 1, H^{C . K2) ~ 0, which implies 

H'^iC, j*TX) H^iC, Ki) is surjective. 

Ifwe can show iJi(C',/*Q) = 0, then the composition iri(C', /*t1) ^ H^{C,Ki) H'^{C J*Tr*TX) is 
also surjective. Set C := r^{E), then H^{C, f*Q) = H^(C', f*Q). Note C might be disconnected. 
There is another exact sequence on the exceptional divisor E 

^ On,,^{-1) ^ 7T*{Nz/x) ^ Q ^ 0, where n : E ^ Z. 
Pull it back to C" to deduce the right exact cohomology sequence 

H\C',r7T*{Nz/x)) ^ H\C',rQ) ^ 

Note that C" is a collection of points and genus-0 nodal curves, and Nz/x is convex, therefore we have 
H^{C', f*n*{Nz/x)) = 0. This impUes H^{C', f*Q) = and completes the proof. 

□ 

In ||2l and ll23l . the existence of global vector bundles is used to construct virtual fundamental classes. This 
technical assumption has been removed due to the work of A. Kresch lfT8lllT9l . Nevertheless, for simplicity, 
in this paper we still assume the existence of global vector bundles, which is true in Gromov-Witten Theory 
(see |23||1|). In other words, £1, £2, T\ and T2 are global vector bundles, where = \£\ £2] and 
jr, = [!Fi are the standard perfect obstruction theories. 

First we recall the notion of compatible perfect obstruction theories (see ll23l ll2l lfT7lll22l ) : 

Definition 3.3. Suppose (ys : M ^ N is a morphism between separated Deligne-Mumford stacks. Let £* , T' 
and £* be the (dual) perfect obstruction theories for M, N and M/N. We say £' , T' and £* are compatible 
if and only if we have a morphism of distinguished triangles (the bottom row is the triangle of cotangent 
complexes): 

H>*T' ^ £' ^ ^ . 

(^*Ln ^ ^ ^M/N ^ <y9*LN[l] 

Remark 3.4. There are different versions of compatibility. One version ( Il23l .ll2l.lfr7l) requires L* must come 
from the relative cotangent complex associated to a local complete intersection morphism of relative Deligne- 
Mumford type. Here we adapt a broader definition, as used in [22J. 

Proposition l3.2l implies the existence of a relative perfect obstruction theory on M — hA^,n(X^ f3) ^ M = 

Lemma 3.5. If Nz/x convex, then there exists a distinguished triangle in T}[0 f^j) 

C,^£,^^*T,^C,[l\ 

= [Ci C2] , where Ci are locally free sheaves. 
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Proof. One can always find £, so that C, ^ £, ^ ^p*T, -^,[1] is a distinguished triangle. Since M has 
enough locally free sheaves (see 1 10 1), we may assume C, = [Ci C2 ^ C3] , where Ci are locally free sheaves. 
The associated cohomology long exact sequence is 



0. 



By Proposition 13. 21 we know h^{C,) = 0. This implies 

t<2{jC,) £, is quasi-isomorphic, where r<2(£,) = [Ci K2] 
with the short exact sequence of sheaves 

^ K2 ^ £2 ^ C3 0. 

Because £2 and £3 are locally free, K2 is locally free as well. Replace C, by r<2(£,) and change the arrow 
accordingly, this completes the proof. □ 

Proposition 3.6. £, introduced in Lemma \375\ sives rise to compatible perfect obstruction theories omp : M ^ 
M. 

Proof. Define •= (£.)V[_i], ^* := 

Note £' and T' are the perfect obstruction theories used in [l] and We have a distinguished triangle 

We also have a distinguished triangle of cotangent complexes 

By the axiom of derived categories, we have a morphism of distinguished triangles: 



(P*Lm 



■£• 



L 



M 



L 



I 7 
V 

M/M 



(2) 



Take the associated cohomology long exact sequences of Diagram(|2]i, we obtain 



H"(£*) 



surjective 



surjective 



h\r) 

m/m) 



By diagram chasing, we know h ^(7) is surjective and hP{'^) is an isomorphism. 



□ 



Lemma 3.7. Suppose A, B, C are separated DM-stacks equipped with perfect obstruction theories. 

If f : A ^ B and g : B ^ C both have compatible perfect obstruction theories, then so does the composition 

map g o f : A ^ C. 



Proof. This is a consequence of the octahedron axiom. 



□ 
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3.2 Comparison of virtual classes 

In this section, we assume : M ^ N is a morphism between separated Deligne-Mumford stacks. All 
results will be applied to the case M = Mo,n{X,TT'f3) and N = MQ,n{X,/3), where (3 S H2{X). Note that 
7r*7r'/3 — p. 

There are two equivalent approaches to virtual classes B ll23l iflTl . On the other hand, when : M ^ N 
carries compatible perfect obstruction theories, there is also a different construction of the virtual class of M, 
as shown in Section 4.1 of [22\. The main argument is the associativity of Gysin maps. We will quote Lemma 

4.3 in II22I in the following situation: 

Proposition 3.8. Given a morphism 1^9 : M ^ N of separated Deligne-Mumford stacks, if Lp carries compat- 
ible perfect obstruction theories, then one can construct a class [M,N]^" in A*(M), and we have [M]^" = 
[M,N]™/n A,(M). 

Suppose C, £, and JF, are compatible perfect obstruction theories on M/N, M and N respectively. Now 
we fix notation in the construction of [M, N]^". Define Ob-^/N ■— h?{C,) as the relative obstruction sheaf. 
There is an infinitesimal model (denoted by {2?(p)2}pGM in |22|) over the pair (M, 06m/n © </'*05n)- Con- 
sider the surjective map 

C2 © ^*T2 06m/n © v*ObT<i 0, 

this gives rise to a cone Cm C Vect(£2 © 'f*J'2), so that Cm is consistent with {P(p)2}peM- The second 
construction [M, N]^" is defined as the intersection class of Cm with the zero section of C2 © f*J-2- 

The "construction of [M, N]^"^" in the setting of Behrend-Fantechi construction has appeared in Theorem 
1 in ifTTl . Theorem 1 in ifTTl is only formulated in the case where C is the pull-back of a relative cotangent 
complex associated to a local complete intersection morphism of relative Deligne-Mumford type. However, 
the second part in the proof of Theorem 1 in [17] doesn't rely on "local complete intersection morphism", 
therefore the proof can be slightly rearranged to give "the construction of [M, N]^"" in the broader defintion of 
compatibility (Definition [33]l. Here we briefly describe how this is achieved by the argument in lfT7l . 

Let £n be the (intrinsic) normal cone stack of N, and let £m/n be the relative normal cone stack of 
M/N. One can form another normal cone stack Cm/Cn' which is a natural subcone stack of £m/n Xm 'i5*£n- 
Therefore Cm/Cn embeds in the vector bundle stack a : h"^ /1t}{C,) © Lp*{h? /h^{J-,)) — > M. The new class 
[M, N]™- is defined as [(J*y\[<L^,c^]). 

Given a morphism X ^ Y of relative Deligne-Mumford type, denote the deformation (to the normal 
cone) stack by MR^^y ^ '^^^ with the fiber over {0} £ isomorphic to the normal cone stack £x/y- If 
Y = spec(C), denote the deformation stack simply by M'x- In order to show 

one considers the double deformation stack -^Mxpi/x" ^ x P^. This provides a rational equivalence 

[C^m/(£n] ~ [^m] in CmxpV-^n' '■I'^ other hand, by Proposition 1 in I f?!, the abelian hull of ^Mxpi/A^N 
has a natural map to the vector bundle stack /h^{c{g)) on M x P^, where c{g) is the mapping cone associated 
to 

£, © ip*T, ^ ip*T, M Opi (1) on M X P^ 

Now the rational equivalence can be pushed forward to /h^{c{g)). It is easy to see that the pull back of 
h^/h^(c(g)) to M X {0} and M x {1}, correspond to K^/h^iC) © ip*{h'^ /h^{T,)) and K^/h^iS,) respec- 
tively. Therefore {<J*)-\[tm/iJ) = [M]™. 

Remark 3.9. At the beginning of Section 4.1 in f23\, it is assumed that M ^ N is representable. One can drop 
this assumption by taking a presentation of M: a surjective etale morphism from a scheme T M. There 
are natural compatible perfect obstruction theories on T ^ N induced from those on M ^ N. Note T ^ N 
is representable, so we can apply Lemma 4.3 in f22l. On the other hand, the construction of various cones, 
cycles and rational equivalence in the proof of Lemma 4.3 are canonical, and they descend to the case M ^ N. 
Alternatively, this can also be seen via the construction in flTl . as described in the previous paragraph. 

Remark 3.10. The "construction of [M, N]^''" is only useful when one has a good understanding of the relative 
obstruction theory £*, otherwise it simply transforms a problem into something unknown. In practice, it is 
usually quoted in the form of Theorem 1 in ifTTl . where C* comes from local complete intersection. 
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Regarding the construction of [N]^"^, take the surjective map T2 06n 0. 
This gives rise to a cone Cn C Vect(JF2), so that Cn is consistent with the infinitesimal model over (N, 06n)- 
[N]^'' is defined as the intersection class of Cn with the zero section of ^2- Note that Cm is a cone with pure 
dimension = vdimc(M) + rk{C2) + rk{J-2), and Cn is a cone with pure dimension = vdimc(N) + rk{J^2)- 

Lemma 3.11. We have the following diagram (not Cartesian product): 

Cm ^ Vect{C2 ® </7*JS) 



Vect{ip* 7^2) 



Cn ^ Vect{J'2) 

Proof. The properties of Cm and Cn are determined by properties of infinitesimal models, therefore it suffices 
to prove the corresponding diagram in the infinitesimal models, which is straightforward. An alternative way to 
see this is via the construction in |2| and flTl . □ 

On the other hand, Vect(£2 ffi ^* J'-i) can be also regarded as a vector bundle over Vect(93*jr2). Let 

0£, : Vect((^*j^2) ^ Vect(£2 © V*T2) 

be the zero section, then we have the diagram: 

Cn Cm n Vect(v3*^2) ^ Cm 

Vect(^*J^2) ^ Vect(/:2 © ^*T2) 

The right square is a Cartesian product, and is the map induced by Cm ^ Cn in Lemma 13.111 Note ?/; is 
proper as long as is proper We also have 

^£2 [Cm] G ^(i+r fc(.?'2)(CM n Vect((y5*jr2)) , where O^^ is the refined Gysin map. 

In the blow-up case : A^o.n(-^5 ^'Z?) ^ A^o.n(-^, consider the following diagram: 

A7o,n(^,/3) 

Let U be the complement of 7r„+i (e~j:]^(Z)) in A^o.n(-'^j therefore U is an open substack of M.Q,n{^X^ /?). 
Given (C, a, /) G M, we have: 

(C,a,/) eu ^ f{C)nz 

Because tt : X ^ X is the blow up of X along Z, we deduce: 

Lemma 3.12. There is an isomorphism ip : ip^^{U) U with the same (in the sense of quasi-isomorphic) 
perfect obstruction theory. 

Because of the above lemma, it motivates us to analyze the following situation: 
Suppose the proper morphism (/s : M ^ N has compatible perfect obstruction theories with d ~ vdimc(M) = 
vdimc(N). Moreover, we assume that there exists an open substack U in N, so that p : (p~^{U) J7 is an 
isomorphism with the same perfect obstruction theories. 

Lemma 3.13. Under the setting in the previous paragraph, we have 

(i/'*0|(;JCm]) \u = [Cn|(7] in Ad+rkir2)i'^T^\u)i where d = vdimcM = vdimcN 



9 



Proof. Because if ^ U and the flat pull back {•)\u commutes with other operators, we have 

(V'*0£JCm]) \u = i/'*0£2(Cm|(7). 

Moreover, according to £,\ip-i{u) — J^t\u^ we know 06M/N|f7 vanishes. Therefore the infinitesimal models 
on (f^^{U) = [/ are the same, and we have the Cartesian diagram: 

Cm\u ^ Vect(£2k © ^2|c/) 



CnIi/ ^Vect{T2\u) 

In other words, Vect(£2 1(7 © (7) is a vector bundle over Vect(jF2|[/), and Cm.\u is the flat pull back of Cn|c/- 
Therefore we have ip^O'^^iCMlu) = [Cn|c/] in Aa+rk{y^2)i^N\u)- □ 

Suppose Cn has irreducible components Ci, i ^ 1, ■ ■ ■ , k. Let supp(») be the support of a cone. In the rest 
of this section, we will assume the open substack [/ C N satisfies the following technical assumption: 

supp(Ci) nU is non-empty in N for i = 1, - ■ ■ ,k. (Assumption *) 

Because Cn is a cone with pure dimension d + rk{J^2), ( Assumption *| i implies 



dim(CN - (CnIc/)) <d + Yk{T2). 
With this technical assumption, it is easy to prove that <y9 : M ^ N is virtually birational. 
Corollary 3.14. If the open substack U C 'N satisfies \Assumption *\ then we have 

'0*O£JCm] = [Cn] in ^d+rfe(j=-2) (Cn)- 

Proof. We have 

dim(CN - (CnIc/)) < d + r]<i{T2) => ^d+rfc(.?-2) (^n -CnIc/) = 0. 
Combined with the right exact sequence: 

we know Ad+rk{j^2)i'^T^) - Ai+rk{j^2)i'^T^\u)- By Lemma[Tni we obtain 

'0*oJcJCm] = [Cn] in Ad+rk{j^2)iC^)- 

Now we summarize all results in this section to deduce the following: 



□ 



Proposition 3.15. Suppose the proper morphism : M — > N has compatible perfect obstruction theories 
with d = vdimc(M) = vdimc(N). We also assume that there exists an open substack U in N, so that 
ip : ip^^{U) — > U is an isomorphism with the same perfect obstruction theories. 

IfUn supp{ each irreducible component ofC-yi) is non-empty in N, 
then we have .^^[M]''''' = [N]''*'' in the Chow group Arf(N). 

Proof. Recall the diagram with the right square as Cartesian product: 

Cn ^ — yect{ip*T2) n Cm ^ Cm 



Vect(.f-2) ^ Vect(^*.F2) > Vect(£2 ® <^*^2) 
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If we regard [Cm] as a class in A^, (Vect(£2 ffi (p*J-'2)), and [Cn] as a class in A* (Vect(J^2)), then Corollarv l3.14l 
implies 

From another diagram with the left square as Cartesian product: 

M ^ Vect((^*^2) Vect{£2 ® <^*^2) 



N ^ Vect(^2) 



ip^ \MY" = if^o o 0^^ [Cm] = 0^^ oif^o 0^^ [Cm] 

= O^JCn]-[N]™ 

Here we use 0[^.^^) = 0^^^ : A,(Vect(^*J^2)) ^ A,(M). □ 

Corollary 3.16. Suppose the proper morphism : M ^ N has compatible perfect obstruction theories with 
d — vdinic(M) — vdimc(N). Suppose there exists an open substack U in N, so that <(5(M) fl C/ = 0. 

IfUn supp{ each irreducible component o/Cn) is non-empty in N, 
then we have (^*[M]^"' — in the Chow group Ad{J>i). 

Proof. Apply the previous proposition to(/9]JId:M]JN^N. □ 

3.3 Transversal intersection of two manifolds 

Suppose X and Y are two arbitrary closed submanifolds of a compact homogeneous space V, and Z is the 
transversal intersection of X and Y . Suppose the group variety G acts on V transitively. 

Lemma 3.17. The normal bundle Nz /x ''^ generated by global sections, and therefore is convex. 

Proof. The tangent bundle TV is generated by global sections, and Ny/v is a quotient bundle of TV. This 
implies Ny/v is generated by global sections as well. Note Nz/x is the pull back of Nyj-p to Z. □ 

Consider it : X ^ X, the blow up of X along the submanifold Z. May assume codimc(l^, V) > 2. The 
first attempt is to apply Proposition [TT5] but the technical assumption 

supp( each irreducible component of Cn) n [/ is non-empty in N, where N — J^o^n{X, (3) 

may not be satisfied. We will choose an element a & G, and show the technical assumption is satisfied when Z 
is perturbed to X n ^ . 

Lemma 3.18. Given a holomorphic map from a compact curve f : C ^ V, define 

B^c.f)--=WeG I /(C)nr-^0}. 

Then B(^qjj is closed in G, and dim{B f^) < dimG. 

Proof. Consider G <^ G x Y V, where pi is the projection and $ is the group action. Note B^cj) = 
pi(<i>^^(/(C))) is closed in G because pi is proper. Because G acts on V transitively, $ is a smooth morphism. 
Therefore, 

dimB(c,/) < dimF + dimG - dimT' + dim /(G) < dimG - codimc(F,7') + 1 < dimG - 1. 

□ 

Lemma 3.19. Define W :^ {a E G \ Y'^ is not transversal to X}. Then W is closed in G, 
with dim W < dim G. 

Proof. Note the identity element Id £ G does not belong to W. □ 
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Suppose is the perfect obstruction theory on N = A^o,ri(^, and the virtual normal cone Cn has 
irreducible components C,;, for i = 1, . . . ,k. For each i, we pick a point {Ci,ai, fi) £ supp(Ci). By the 
previous two lemmas, we know 

k 

W U {\^ B{Ciji)) is closed in G with codimension > 1. 

Therefore we can take an affine smooth locally closed curve S ^ G such that: 

1. Id e S, 

2. (5-ld)n(UtiS(c.,/o) = 0' 

3. is transversal to X, Va e S. 

Choose an element a ^ S, then Z = X OY is deformation equivalent to :— X D Y"'. Note the normal 
bundle Nz^/x is still generated by global sections. The technical assumption of Proposition 13 . 1 5] is satisfied 

fov Blz^x"^ X. 

Lemma 3.20. 



supp{ each irreducible component o/Cn) H U is non-empty in N = A^o,n(^j P), 
where U is a collection of stable maps supported away from Z„. 

Proof The choice of the curve S" ^ G asserts jt{Ci)C\Y" = 0, for z = 1, . . . , fc. Hence (C^,a^, f^) eU. □ 

Proposition ^ . 1 51 and deformation invariance of virtual classes implies: 

Theorem 3.21. Suppose Z is the transversal intersection of two manifolds X and Y in a compact homogeneous 
space v. Then we have (^*[A^o,ti(-S^2-'^, tt /?)]^"^ = [A^o,n(-'^^, li^Y™ in the Chow group. 

The theorem can be generalized to the case when Z is the intersection of X with multiple manifolds. 
More precisely, suppose Yi, i = 1, . . . ,m, are submanifolds of a homogeneous space P. We assume Yk+i is 
transversal to X n (ni=i for k — 0, . . . ,m ~ 1. 

Corollary 3.22. Let Z be X n (f]" i ^0- f^^^n we have 

^4M^{BlzX,7T'-pr' = [AV(X,/3)]™. 

Proof Define G' := G™ and V' := 7-"". Then V' is a homogeneous space with respect to the group variety 
G'. Let A : X ^ V' he the diagonal map. X is transversal to the manifold YYiLi the ambient space V'. 
Apply the previous theorem to the case X —^V^Y n"=i and Z = X n F in T". □ 

A similar argument also implies: 

Corollary 3.23. Suppose X is a projective manifold, and Z is a collection of points in X. Then 

^4M^{BlzX,7r'-(3)Y'' = [M^{X,P)Y". 

Proof. This is because Nz/x is convex, and Z can always be moved. □ 

4 Virtual Birationality after degeneration 

In the previous subsection, the submanifold is deformed so that the technical assumption in Proposition l3. 15l is 
satisfied. In general, if Nz/x has a non-zero section, it doesn't imply Z can be moved. Degeneration formula 
reduces the problem to a ruled variety, where Z can be moved if Nz/x has a section. 

Degeneration formula has been clearly presented in ll22l ifTTl . and 1,25 J . The purpose of the first subsection 
is to fix notation. 



12 



4.1 Degeneration formula from blow-ups 

{X, D) is called a relative pair if is a smooth divisor of the manifold X. The P^-bundle Y := Pd{Nd/x © 
Od) has two divisors: the zero divisor (with normal bundle N^^^) and the infinity divisor (with normal bundle 
Nd/x)- Yi is defined as the union of ^-copies of Y , by gluing the infinity divisor of the i-th component to 
the zero divisor of the [i + l)-th component. Let Di be the zero divisor of the (i + l)-th component. Note 
Sing(Yi) = Define Xi := X \Jd, Yi. 

Now we recall Definition 4.6 in |22|: 

Definition 4.1. An admissible weighted graph F for a relative pair {X, D) is a graph without edges together 
with the following data: 

1 . an ordered collection of legs, an ordered collection of weighted roots, and two weight functions on the 
vertex set g : V{T) Z>o and b ; V{T) H2{X). 

2. r is relatively connected in the sense that either |V^(r)| = 1 or each vertex in V{T) has at least one root 
attached to it. 

The weight functions g and h in the previous defintion are used to record the genus and the homology class in 
X for each connected component of a domain curve. Denote the moduli of relative stable maps to {X, D) with 

topological data F by M{X, D, F). A C-point in M{X, D, F) is a holomorphic map C ^ Xi X satisfying 
stability and predeformability together with topological constraints F. The domain curve is disconnected if 
and only if |1^(F)| > 1. For convenience, define 

b{T):= J2 6Wandg(r):=l-|y(F)|+ ^ g{v). 

vev{r) vev{r) 

Let T be the Artin stack parametrizing the possible target of relative stable maps to {X, D). The perfect 
obstruction theory on M{X, D, F) is induced from the relative perfect obstruction theory on 

Ai{X, D,r) T X 97lg(r).fc, where k — number of legs + number of roots. 

Given an arbitrary manifold X with a submanifold Z, deformation to the normal cone is obtained from the 
blow-up of a trivial family: 

W := Bl2x{o}^ X C ^ C. 

Note Wt = X for t ^ and Wq = ^Up(W;5/x) ^i^z/x ® Oz), where -k : X = B\zX X. Denote 
P{Nz/x) by D, andp2 : P{Nz/x © Oz) -> Z. 

Tlieorem 4.2 (Degeneration formula from blow-up, see l,22j and l,25J ). 

[M{m,9,n,P)Y" = ^^^<I'r,.A!([A^(l,Ari)]™x[AT(P(Ar^/;,©0^),D,F2)]™), where P € H,{X). 

The set fJ(g,n,/3) is an equivalence set rt(g nj3)/ ^equ- The set ^(^g^n.p) is a collection of admissible triples 
T] = (ri,F2,/) satifying: 

1. Fi and F2 are admissible weighted graphs for {X, D) and {F{Nz/x ® Oz), D) respectively. 

2. Fi and F2 are required to have identical number of roots, say r roots. The weight of i-th root in Fi and 
F2 must be identical, for i — \, - ■ ■ ,r. 

3. If one glues all corresponding roots of Fi and F2, then the new graph must be connected. 

4. n = #legs(ri) + #legs(F2). 

5. / is a rule concerning the ordering of the union of legs in Fi and F2. 

6. (Genus constraint) g{r]) := .g(Fi) + g{T2) + r — 1 must equal g. 

7. (Homology constraint) 7r,(6(Fi)) + p2, (6(F2)) = /3 and some other restrictions, see Section 3 in ||251 . 
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Given a permutation cr G S'r, ry"^ is defined by reordering r roots. Define rji ^ r]2 if and only ifrji =r]2 for 
some a. i^(g^n,/3) is the equivalence class of this relation. Define 

Eq(77) := #{cr e S'rl?/'^ = 7/}andm(?7) := the product of the weights of the roots in Fi. 



A diiiLZonal 

D'' ^ ^ D'' X D'' 

: M{X, D, Ti) X £)r M{F{Nz/x ® C'z), -D, M{Wo, g, n, (3) is to glue two relative stable mor- 

phisms. 

One can also apply the deformation to the normal cone to D c X: 

W := Blox{0}^ X C ^ C. 



Note Wt ^ X for t ^ and Wo = X UpCAr^/x) ^(^z/x ® Oz), where V{Nz/x ® Oz) is the blow up of 
^{^z/x ® (^z) along Z. This space can also be viewed as a P^-bundle over ^iNz/x)'- 



P2 : nNz/x ® Oz) = Pd{On,,, (1) ® O) ^ PiNz/x) = D. 

Our goal is to compare the virtual classes [A^(Wo, 0, n, (3)]™ and [Al(VVo, 0, n, tt'/?)]^"'. By the degeneration 
formula, the main issue is to realize all contributions from {P{Nz/x ® Oz),D) and {F{Nz/x ® Oz),D). 

4.2 Relative case 

Let Try : F — > y := F{Nz/x © ^z) be the blow up along Z. Given an adimissible graph f for (F, D), define 
the adimissible graph ny, (r) for (F, Z)) by the following: 

1 . AH information of ny, (f) is identical to that of F except the weight function b. 

2. We have a commutative diagram: 

V{t) ^ H2{Y) 



V{TTy,it)) H2{Y) 

Lemma 4.3. Suppose Nz/x is convex, and the genus weight function ofT is a zero function. Assume A4{Y, D, tty, 
makes sense. 

Then A4{Y, D, T) — > M{Y, D, ny, (F)) has compatible perfect obstruction theories. 

Proof. Let T be the Artin stack parametrizing the possible target of relative stable maps to (F, D) and (F, D). 
The perfect obstruction theory on M.{Y, D, Try, (F)) is induced from a relative perfect obstruction theory on 

M.{Y, D, TTy^ (F)) — > T X 9?tg(f)^fc, where k = number of legs + number of roots. 

Since T x SJl^^p^ fe is a smooth Artin stack, we have a right exact sequence: 

RelOb(/) ^ Ob(C, /) ^ 0, 

where Ob(C, /) refers to the obstruction space of M{Y, D, TTY, (f )) at the point [C ^ F, F]. 

■:M{Y, D, f) ^ M{Y, D, Try. (f)) 
[C^Yi^Y]^[C^Yi^Y] 
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We have a diagram of right exact sequence: 



RelOb(/) Oh{C\ f) 

RelOb(/) Ob(C, /) 

Stepl RelOb(/) RelOb(/) is surjective. 
There is a natural diagram of exact sequences: 
^ {C, f*Ty^ (-logi^oo)) ^ RelOb(/) ^ H'' (C, t^Sxt^ {Qy, (log^oo), Oy, )) ^ 

^ H\C, /*ry,(-logZ?oo)) ^ RelOb(/) ^ H%C, r^£xt\nY,{\ogDoo), Oy,)) ^ 

£xt^{ny{\ogDoo),Oy) and£:xii(f7y,(logDoo),Cy,) ai-e both supported on Sing(yi) = Sing(Y,) = u'iJA, 
and these two sheaves are canonically isomorphic to each other. Therefore, it remains to show the first vertical 
arrow is surjective. We also have another exact sequence 

^ Ty{-\ogD^) ^ TY,{-\ogD^) ^ Qjv^^^ ^ 0, 

where Q Nz/x '■^^ universal quotient bundle on {Nz /x ) ■ Now the proof proceeds as the second part of the 
proof in Lemma [J!2] This concludes Step 1 . 
Step 2 

RelOb(/) ^ RelOb(/) is surjective =^ Ob(C', /) ^ Ob(C, /) is surjective. 

By Lemma [331 and Proposition 13.61 there exists a relative perfect obstruction theory on F) 
A^(F, £), TTy^ (r))- Moreover, it is compatible with two existing obstruction theories on the two moduU spaces. 

□ 

There is an induced map on adimissible triples: : ^(Qn-n'-p) ~^ ^(Onp)^ where 5'(ri,r2,/) — 

(ri,7ry.(r2),/). 

Lemma 4.4. Suppose-^{Ti,T2j) = (ri,r3,/), then we have b{V 2) =7ry(6(r3)) e H2{Y). 

Proof. Since Try, (6(r2)) = ^(rg), it suffices to prove fe(r2)»i:'oo = in F, where «oo : = P(iVz/x) ^ Y 
has normal bundle ONz/xi~^)- *o '■ Dq = P{Nz/x) ^ ^ be the divisor which has normal bundle 

ONz;xi^)- 

We have fo(r2) = iq (P2*&(r2)) + /, where / is a multiple of the fiber class of p2- It remains to show 

/ = o. 

,n,Tr'(3) imphes: 

V/3 = 6(ri)+p2,&(r2), 

&(ri) mDrnX = 6(r2) • Do in Y. 

Therefore we have 

= 7r'/3 • £> ^ {b{Ti) • D in X) + (p2,fo(r2) • D in X) 

= {b{T2) • Do in Y) - (io.P2,6(r2) • Do in Y) 
^/•DoinY 

□ 
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Given (Fi, F, /) e fi(o.n,/3), define 

5f-i(r) = {F2 is a admissible weighted graph for I (Fi,F2,/) E fi(o,„.7r^/3) such that ^'(Fi, F2, /) = (Fi,F, 

It is straightforward to check that ^'^^(F) depends on (0, n, (3), but is independent of Fi and /. Given F G 
^--i (F), we have a natural map AT (f , D, f) -> A7(r, D,V). Note that vdimc A7(F, vdimclM (F, £>, F), 

and the weight functions 5 of F and F are both zero functions. 

On the other hand, there is a canonical pre-image 7r[,(F) G ^'^^(F), which is characterized by: 

1 . All information of tt^ (F) is identical to that of F except the weight function h. 

2. We have a commutative diagram: 

V{n'y{T))^^H^{Y) 



V{T) "-^H^iY) 

We will consider two classes of submanifolds. The first one is: 
Definition 4.5. A connected submanifold Z C X is of type I, if the following two conditions are satisfied: 

1. Nz/x is a convex bundle over Z, 

2. There is a subbundle in Nz/x with rank rk(jF) > 2, and is generated by global sections. 
For example, Z C X is of type I if Nz/x is generated by global sections. 

Lemma 4.6. If Z E X is of type I, then we have 

1. 0,[A4(f,i?,4(F))]™ = \M{Y,D,T)Y". 

2. 0,[A?(f,D,f)]™- w/!en7rv(F) 7^ f G -^-^iT). 

Proof For the first statement, the submanifold Z will be moved so that the technical assumption in Proposi- 
tion |3.15| is satisfied: 

supp( each irreducible component of Cn) H J7 is non-empty in N, 

where N — M.{Y,D,T) and [/ is a collection of relative stable maps supported away from the submanifold Z. 
For each irreducible component of Cn, we pick a point in the support of the cone 

Ci hVi^ ^y, fori = I,-- - 

Since the subbundle T is generated by global sections, we have ©sCz ^ ^ ^ 0. 

^, ppnyecdon ^ ^ ^ Vect(©,0^) ' Vect(^) y^ci{Nz/x) Y. 

Because p is proper, p(6'^^(Vect(JF) n fi{Ci))) is closed with dimension < 1 + s — rk(F) < s — 1. There 
exists a point q e C such that q ^ p{9^^ (Wect{J^) n /i(Ci))), for all i. 

q induces a section of Nz/x ^ Z, say q{Z) C 'Vect{Nz/x)- We have q{Z) n fi{Ci) = 0. Move the 
submanifold Z to q{Z), and notice that the technical assumption is satisfied for the case Bl^^^^F — > Y. By 

Proposition lTTSl we obtain (j)4M{Y, D, 7r^,(F))]™ = [M{Y, D, F)]™. 

For the second statement, the argument is the same, but one applies Corollarv 13 . 1 6l instead. □ 

Proposition 4.7. Suppose Z C X is of type I. Then we have [M{Wo, 0, n, Tr'(3)Y" = [A^(Wo, 0, n, 

Proof By Lemma l431 and Degeneration formula from blow-up, it remains to check 

Eq(Fi, ^;,(F), /) = Eq(Fi, F, /) and m(Fi, tt^F), /) - m(Fi, F, /), V(Fi, F, /) G n^o,n,f3), 

which is straightforward. □ 
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Definition 4.8. A connected submanifold Z C X is of type II if every holomorphic map f : ^ Z must be 
a constant map. 

Manifolds of type II is a very limited class of manifolds. Examples include 

1. higher genus curves, abelian varieties. 

2. a fibration with fibers and the base of type II (e.g. product), 

3. a submanifold of a manifold of type II. 

Proposition 4,9. Suppose Z C X is of type II. Then we have cj)^ \M{yVf), 0, n, wp)]^" = [AT(Wo, 0, n, 

Proof. Due to the property of Z, any vector bundle over Z is automatically convex. It suffices to prove 
Lemma l43] for type II. First one observes that there is a natural fibration 

!M(y,£),r) Z with nonsingular fibers ^ XT(P"\ P'""\ T), where m = i]i{Nz/x)- 

In particular, A^(F, D,r) is a smooth DM-stack. Therefore the technical assumption of Proposition 13. 151 is 
equivalent to saying : 

any point in (F, D, F) can be moved so that the corresponding curve is supported away from Z. 

The point will be moved along the fiber A^(P™, P™^^, F), so we may assume Z — point , Y — P™. 
Given a point in the moduli space 

C ^Yi^Y = P" = P'""i U C™, 
pick a point 9 = (fi, W2, • ' ' ; '^m) G C™ such that q ^ f{C). 

(I ■•■ -tvi \ 
1 ••■ -tv2 
1 ••■ -tvz 

••■ 1 -tvm 
V ••■ 1 / 
preserves the divisor P™^i c P™. We use this one parameter family to move (C, /), and note the transforma- 
tion doesn't change the contact order of (C, /) with the divisor. When t — 1, v{l) o (C, /) is supported away 
from the origin Z. □ 

Proposition l4.7l and Proposition 14. 91 implies the following: 

Theorem 4.10. Suppose each connected component of the submanifold Z — Zi C X is of type I or type II. 
Then we have \M{Wo, 0, n, tt'/?)]™' = [A^(Wo, 0, n, /3)]™. 

The following numerical form is a direct consequence of the previous theorem. 

Theorem 4.11. Suppose each connected component of the submanifold Z = Zi a X is of type I or type II. 
Let V be a vector bundle over X. Let c be an invertible multiplicative characteristic class. Then we have an 
equality of genus-0 twisted Gromov-Witten invariants 

{ai,--- ,an)o^nJ = (7r*ai,-- - , 7r*a„)^„'^;J^^^, where ai E H* {X) for all i. 

Proof. Since the degeneration used here comes from the deformation to the normal cone from blow-up con- 
struction, all insertions involved in the equality, i.e. cohomology classes from X and the vector bundle V, can 
be lifted to the degeneration. □ 



The one parameter family 1/ : C PGL{C"'+^ ) = Aut(P") defined by = 
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4.3 Descendant invariants 

The upshot of this subsection is the following: 

Corollary 4.12. Suppose each connected component of the submanifold Z = Zi C X is of type I or type 
II. If ai < max{2, codimc(^, X) — l)/or all i, then we have 

{Ta^ai,--- , ra„Q!„}^„^^ = (Tai 7r*ai,--- ,Ta„Tr*a„)Q,^y.^, where ai e H*{X). 

If there are too many cotangent line classes ij^i, the previous equality of descendant invariants is not expected 
to hold. This is because the stabilization of the domain curve via (p : A4o n{X,^T^f3) MQ n{X,l3) causes 
ipi 7^ <f*'4'i- Indeed, ipi — (p*ipi corresponds to boundary strata in the moduli space. 

Given /3 G H2{X), if Aio^n{X, 1^^,(3) makes sense, then define 

(rai<7i,-- - .raA^ln)^n0'-= [ V?' H .^Vj^ H •■• H H H ev* (0^^170 , 

where (p : Mo^n{X,(3) Mo^n{X,n^(3) and 7, G H*{X). 
Theorem |4. lOl implies 

However, ipi ^ In order to prove Corollarv l4.12l we will show that the correction term vanishes if there 

are not too many contagent line classes. 

May assume Z is connected. One can blow up successively to deduce results for disconnected submanifold 
Z. Given an arbitrary map it :¥ ^ X, suppose 7r*(/3) = G H2{X), where j3 G H2{Y). Therefore we have 
a diagram: 

P tt" 

X — ^X" 

Suppose 

eeH*(Mg,n(Y,(3)), a,eH*{X)and j,eH*{Y). 
For convenience, denote M.g,n {Y, (3) by M. 
Lemma 4.13. We have 

/ en£'v*(®, (7, n7r*a,)) = / n,ai 

Proof. This follows from projection formula. □ 

We will set Y as X, and (3 as de, where e is the line class in the exceptional divisor The previous lemma 
says we can freely reorganize factors from H*{X). 

Lemma 4.14. Suppose d > i). Then {TkTr*a, ^)q2 de~^ when k < max{l, codimc(^, X) — 2). 
Proof. By the previous lemma, 

(rfe7r*a,7)f^2,de = (^fc, 7r*a n 7)j^2.de- 
The case /c = is trivial. When fc = 1, (n, 7r*a n 7)^2.de (2g - 2 + 2)(7r*a n 7)^1.^6 = 0. 

If the invariant doesn't vanish, then we have deg(7r*Q; n 7) < dimJf — 1. Otherwise, the pull back of 
Tr*a n 7 to the exceptional divisor D is zero. Since A4o,2{X, de) = Mo,2{D, de), the invariant vanishes. On 
the other hand, fc + deg(7r*an7) = vdimcA7o,2(-^, de) = dimX - 3 + 2 + d(codimc(^, X) - 1). Therefore, 

k > d{codimc{Z,X) - 1) > codimc(Z,X) - 1. 

□ 
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Given : Alo,n(^j /^) M^Q,n{Xi the boundary strata associated to ipi — (p*ipi are given by the 
clutching morphism from: 

Mo,i+{q} i-^' '^^) ■Mo.{q'}+(n-i) $ ~ de), where d runs through all positive integers. 
And then glue two points q and q', 

Mo.i+{q}{X, de) ATo,{g'}+(n-i)(^, P-de)-^ VUo,„(X, 

Now we pull back line bundles Li and (p*Li on M.Q^n{X, (3) to A^o,i+{g}("^' '^^) ^ x ■^o,{9'}+(n-i) (-^, P — 
de). 

(Li onMo,n{X,P))\ 

Strata 

= Li on Ma,i+{q}{X,de). 

((p*Li on A7o,n(^,/3))|strata = 61* L,/ on_Mo,{g'}+(„-i) ^ - de) 

, where 6* : A^o,{g'}+(«-i)(-^, /9 - ^e) Ma.{q']+(n-i){X,TT^i3). 

Suppose [A]^ = ® is '^he Kunneth decomposition of the Poincare dual of the class [A], where 

A : X ^ X X X is the diagonal map. 

Lemma 4.15. Supposes : X = BlzX — > X is an arbitrary blow-up. Ifl < ai < max{2, codmic{Z , X) — 1), 
then we have 

where ai £ H*{X) andj^ £ 

Proof. Use the induction on ai. The analysis of i/^i — (p*ijji shows: 

(•^aiTft^7r*ai,TQ2r^^72, ■ • • , Ta„Th„7n);^„ J = (Tai -iT^^ ^^TT* tti , T^^ 72 , ' ' ' ' 'ra„ 7")^„ J 

Since ai — 1 < max(l, codimc(Z, X) — 2), by the previous lemma (rQj_i7r*Q;i, Ti)^2 de ~ ^- '-' 

Proof of Corollarv \4.12\ In the previous lemma, set 7,^ = n*ai, $ — w (3 and 61 = 62 = ■ • • = = 0. Then 
apply the lemma to ai, a2, • ■ • , a„, this shows 

(Ta,7r*Q;i, ■ • • ,Ta„7r*a„)^„ ,,!^ = (T^^7r*ai, ■ • ■ ,'r^„7r*a„)jj^„,^i^- 
Now it follows from Theorem |4.10| □ 

4.4 Examples and remarks 

Example 4.16. Given any projective manifold X, here we provide several ways to find a submanifold Z d X, 
so that Nz/x is generated by global sections. 

1. Embed X in a homogeneous space V, and pick an arbitrary submanifold F C T-". By Bertini's Theorem, 
one can perturb Y so that Y is transversal to X. Then take Z ^ X r\Y . 

2. Take any vector bundle V over X and an ample line bundle L. When n » Q,V ® L®" is generated by 
global sections. Take a regular section s E H'^{X, V ® L®"), and let Z = s^^(O). 

3. Suppose Li, L2, ■ ■ ■ , Lm are line bundles over X, and are generated by global sections. Take a regular 
section s E H^{X, ©™ ^Li), and let Z — s~^(0). Then Z is a complete intersection of X. 

Example 4.17. Suppose Li, L2, • • ■ , Lm are line bundles over Z, and each Li is generated by global sections. 
Let X = Pz(©r=iii ® Oz) be the projective completion, and X be the blow-up along Z. Let (C*)" act on 
X and X fiberwisely. In principle, one can use virtual localization to express all GW-invariants of X and X in 
terms of those of Z, and use the calculation to prove Theorem |4.1 l| in this case. However, this is a formidable 
combinatorial task. When Z is a point and /3 G H2{X) has degree 2, Theorem |4. 1 ll corresponds to Lagrangian 
interpolation in the localization computation after cancelling numerous terms. 
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Remark 4.18. Suppose Nz/x is generated by global sections, and n : X X \^ the blow-up. Let V be a 
convex line bundle over X, and s G H^{X, V) is a section so that Y := s~^(0) is a submanifold of X. It 
is well-known that genus-0 GW-invariants of Y can be expressed by twisted invariants of X. If Y and Z is 
transversal in X, then 7r*(s) G H^{X, 'k*V) is a regular section. And we have a Cartesian diagram: 

Y = BWnzY = ^*(s)-i(0) ^ X 



Y = .s-i(O) ^ X. 

Since tt*V is also a convex line bundle of X, by Theorem l4.11l we have 

{GW{Y) with insertions from y} = { twisted- GW{X) with insertions from X} = { twisted- GVF(X)} = {GW^(r)}. 

On the other hand, N(Ynz)/Y is the pull back of Nz/x, and is generated by global sections as well. This also 
implies {GW{Y) with insertions from Y} = {GWiY)}. 

For arbitrary blow-ups, the correction terms between GW-invariants of X and X are required. If the univer- 
sal blow-up formula exists, the correction terms should also have this functoriality. 

Remark 4.19. We speculate that Theorem 14. 1 1 1 holds as long as Nz/x is convex without any additional as- 
sumption. Here we briefly discuss the technical difficulty encountered in our approach. For simplicity, assume 

X = Pz{N © O). Given any point {G, /) G Mo.n{X,(3), we have G ^ X ^ Z. Because N is convex, 
f*p*N is generated by global sections. Therefore one can find a section of f *p*N to move the curve so that 
the new curve is supported away from Z in X. 

On the other hand, suppose d is an irreducible component of the virtual normal cone, and (C, /) G supp(Ci ) . 
To check the technical assumption of Proposition l3.151 one has to make sure that the new curve still stays in 
supp(Ci). A priori, Ci can be supported in a very small part of A4o^„ {X, f3) (even if one assumes the reduced 
structure of A4o^n{X, (3) is smooth). More precisely, dimsupp(Ci) > vdimcAlo,n(^, /3), and the equality can 
be achieved. Local analysis of Kuranish map is required if one attempts to prove in this way. 

Example 4.20. In this example we will see that even if Z d X has freedom to move to avoid any finite 
collection of holomorphic curves in X, the induced GW-invariants of X can be different from the corresponding 
GW-invariants of X. 

Consider two vector bundles on Z = P*" : Vi = ©f^iOz and V2 = ®\^-^Oz{-k), where s,< > 2 and 
fc > 0. Let X be the projective completion Pz(Vi ® V2 © Ooc), and Z d X with normal bundle Vi © V2. Since 
s >2, Z can be moved to avoid any finite collections of holomorphic curves. Define 

■K : X ^ X is the blow-up along Z, 

r :=Pz(Fi©Ooo) CX, 

TTy : F — > F is the blow-up along Z (ZY. 

We have a diagram (not Cartesian): Y = Z y. S/{o}P'* ^ X 'M.Q.n+i {Z, M) ^ Z 

Y = Zx¥' X. XTo,„ {Z, dl) . 

Let [P\ be the line class in Z. Define an obstruction bundle on A^o,ri(-^, d£) by Ud ■— R^TT„+i^sw*Ozi~k). 
Regard £ as a curve class in X via Z C X. Let $ : Mo,n(X ,n-[d£]) MQ,n{X, [de]) with d > 0. 

Lemma 4.21. 

7. Mo.n{X,de) = Mo,niZ,de) X P^ 

2. MQ.n{X,7r'd£)=MQ.niZ,de) x Bl^o}'^', 

3. Oh(Mo,n{X,dt))^Ud^{®tOps{\)), 
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4. Ob{Mo^niX,T:-d£)) ^ Ud^[®t ((^*Op=(l) ® [~D])], where ip : BZ|o}P" ^ P"' and D is the 
exceptional divisor of ip. 

Note $ is a birational map in this case, but the natural map between obstruction bundles is not surjective. As- 
sume the lemma, then the difference of (push-down) virtual classes ^^,[AiQ n{X , n-di)]™ — [M-o,n{X, d£)]™ 
in general doesn't vanish, and has non-zero contribution to GW-invariants. For example, take s — t — k — 2 
and d = 1, then Ud is a trivial line bundle. Let H be the hyperplane class of P^. Then 

^4{H - Df] - = -[pt] e Ao{P^) 

=^<I>4A7o,„(l,7r'^)]™ - [Mo,niXJ)V" = ~[Mo,niZJW" X {pt} G A,(Mo,niZ,e) X P'), 
which apparently has non-zero contribution to GW-invariants. 

For general s,t,k, d, the difference of (push-down) virtual classes is given by [ twisted -Mo,n {Z, d£)Y" x {pt}, 
where the virtual class is twisted by the vector bundle V2 Z, and the characteristic class is a combination of 
various chern classes. 

Now we sketch the proof of Lemma l4.21l First note the normal bundle 7Vy/x — Ozi—k) Kl ( 0t Ops(l)). 
This vector bundle is [d^J-concave (but is not concave for any curve class), therefore A^o,n(y, d£) is a path- 
connected component of AiQ^n{X, d£). Let [^i] = \£] and [£2] be the line classes of Z and P'*. The equality 
J^Q,n{X, d£) = Mo,n{Y, di) follows from the following lemma. 

Lemma 4.22. For any f;F^^X,iff{P^)<^ Y, then 

/, [Pi] =a[£i]+ b[£2] G {X) 9i Ai (Y) = Ai {Z) e Ai with a > 0, 6 > 0. 

The obstruction sheaf on Mo^niY, d£) is deduced directly from the normal bundle Ny/x- 

Lemma 4.23. Given three manifolds Z d Y C X, we have a diagram (not Cartesian): 

Y = BlzY ^ X ^ BlzX 



Y ^X. 

Then Ny/x — '^*{-^y/x) 55 [— i^], where D is the exceptional divisor of Y Y. 
In our case, the lemma says 

Ny^x - Oz{-k) m [®t (</?*Op=(l) ® [-D])], which is also a [rf^] -concave 
bundle. An analogue of Lemma |4.22| shows Mo.niY ,d£) is the only component of M-o,n{X,iT-d£). The 
analysis of obstruction sheaf is straightforward. 

5 Vanishing Theorems for blow-ups 

Suppose we have a map f : X ^Y between two compact complex manifolds. It is obvious that 

/ aA/*/3 = 0,aGiJ*(X),/3G-ff*(r), when deg^ /3 > 2 dime F. 
Jx 

However, the virtual version in general is not true (even if X and Y are smooth): 

/ aA/*/3 = 0,aG-ff*(X),/3G-ff*(r), when degR /3 > 2vdimcr. 

To rectify this situation, one has to impose the assumption that f : X ^ Y has compatible perfect obstruc- 
tion theories. With such assumption, the vanishing result holds in the virtual version. This simple phenomenon 
is the starting point of vanishing theorems for blow-up in this paper. 

In our convention, the empty set has dimension = —00, and codimc(0, S) = +00 if S is not empty. 

Lemma 5.1. Suppose M and N are two proper DM-stacks. Assume iy9 : M ^ N has compatible perfect 
obstruction theories. Let a G A*(M), (3 G A*(N). Denote the virtual normal cone off'i by Cn- If there exists 
an open substack f7 C N such that 
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1. (/?(M)n[/ = 

2. dim(CN — Cn|[/) < dimCN — k 

Then /[]y[jvir ot fl ip* 13 = when deg(3 > vdinicN — k. 

Proof. We will adapt notation used in Section 3. Let C,, £, and JF, be the compatible perfect obstruction 
theories on M/N, M and N respectively. Recall the diagram 

Cn Cm n Vect((^*^2) ^ Cm 

Vect(^* ^ Vect(£2 © <f*^2) 

where Cm and Cn are virtual normal cones used to construct virtual classes. Note isa proper map. By abuse 
of notation, a (and f3) will be also viewed as an element in A* (Cm) (and A* (Cn))- 

([M]™ nan if* (3) = v'* ° o[^.^^) o 0^^ [Cm n a n v*/3] = o'^^ o ^p, o 0-.^ [Cm n a n rp] 

= 0^^ (/3 n (V'* o 0^^ [Cm n a])) , where o 0^^ [Cm na]eA, {^{Cm. n Vect((^*.F2))) . 

Since (p(M)nC/ = 0, we have V'(CMnVect((/3* ^^2)) C Cn-CnIc/- Recall that dim Cn = vdimc(N)+rk(J2)- 
Therefore dimV'(CM n Vect((^*J^2)) < vdimc(N) + rk(JS) - A:. Because degf} + rk(J'2) > vdimcN + 
rk(jr2) — fc, weknow0jr2o(/3n>i=) : A, (i/'(CMnVect((p*J^2))) ^ deg^_i.ij(j(r2) (N) must be a zero map. □ 

There is a topological statement of Lemma ISTI All /!*(•) in the proof must be replaced by Borel-Moore 
homology H^^^ {•). The proof is the same and is omitted. 

Lemma 5.2. Suppose M and N are two proper DM-stacks. Assume : M ^ N has compatible perfect 
obstruction theories. Let a G i?*(M), (3 G _ff*(N). If there exists an open substack U ClSI such that 

1. (p(M)nC/ = 

2. dim(CN — C-^\u) ^ dimCN — k 

Then /[jyjjvir ct C] ip* 13 = when degjj /3 > 2vdimcN — 2k. 
Remark 5.3. 

1. The second assumption dim(CN ~ Cn|[/) < dimCN — k only depends on [/ and the singularities of N, 
but is independent of the perfect obstruction theory JT*. 

2. Taking U as an empty set and fc = 0, this is the vanishing result mentioned at the beginning of this section. 

Corollary 5.4. Suppose M and N are two proper DM-stacks. Assume : M — > N has compatible perfect 
obstruction theories. Suppose A <Z B is a pair of compact complex manifolds, with a fiber diagram: 

M' -^-^ M — ^ N 



If there exists an open substack {7 C N such that 

1. o i'(M') n J7 = 

2. dim(CN — Cn|(7) < dimCN — k 

Then J^^^^,J*(PDb o i,(w)) nan ip*l3 = when degjj/3 > 2vdimcN - 2k. 
Here a G iJ*(M), /? e iJ*(N), w e iJ*(A) and PDb is the Poincare dual in B. 
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Proof. Form a fiber diagram: 




[Cm] np*f{PDB ■ = i':{p'*j'*PDa{w) n z'[Cm]) E H^''{Cm). 

Here r means cap with j*(ma.s), where ua,b G H*{B, B — A) is the canonical orientation class of A C B. 



Note rpM] e i7f *^(C^^). Let 7 := p'* j'* P D a{w) n i'pM] and C^^ n Vect(z'>*j^2) ^ Cn- Note V' is a 
proper map. We have 



Ml 



f [PDb o n a n = 0^^^ (/? n (7/;: o 0^^ [7 n a])) . 



Now argue as the proof of Lemma |5T| and note the image of il>' lies in Cn — Cn | 



□ 



5.1 Relative case 

In this subsection, we always assume Z is connected. Suppose Nz/x is a convex bundle. We will attempt to 
apply the vanishing lemma to 

where the second arrow forgets the last n — ni marked points. Note 

(3 ^ tt'tt^/J 4=> /3 = 7r'/3 + rfe, d ^ 0, where e is the line class in the exceptional divisor. 

The open substack [/ C N will be a collection of stable maps supported away from the submanifold Z C X. 
To show the composition map (p has compatible perfect obstruction theories, note the first map has compatible 
perfect obstruction theories (Proposition l3.6b . and so does the forgetful map. 

Unfortunately, it is difficult to directly check the second assumption in Lemma l572l if A; > 0. Degeneration 
formula will be used to simplify the situation. 

First we consider the simplest case: Z ~ the origin C X = P'', with the divisor D — P''^i c X. Let 
N = Ai{W^ , P''^^, r), where F is an adimissible graph. In this case, N is a smooth DM-stack. 



Lemma 5.5. We have codimc(N — [/, N) > r — L 



Proof. Define : C ^ PGL{C''+^) = Aut(P™) by i^{vi,V2,- 



/ 1 
1 
1 



'V3 



1 —Vr 

1 / 

'■-1, and 



0- 
V • 

This matrix preserves the divisor P''^i and doesn't not change the contact order of the curve to 
therefore induces an action on N = (P'', P*"^^, F). 

Equip N — C/ with reduced structure, denote it by B. Suppose codimc(i?, N) < r — 1, then there exists a 

point [C ^ Yi ^Y] G B, so that B is smooth at the point [C ^ Yi ^ Y] and codimc(i3, N) < r - 1 near 

the point [C ^Yi^Y]. Define a morphism : C N by the action of C on [C ^Yi^Y]. 

(j{vi^ • • • , Vr) G B (ui, • • • , Vr) G the image of the curve C. 

Therefore dim cr"^ (S) < 1. Take the linearized map of a: 

Ta\z ■.TV\z , 
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dimT<7\y^(TB\ . ) < 1. 
Therefore codimc(S,N) > codimc{TCT|^^ (TBI ^ ), TC^Iz} > r - 1, which is a contradiction. □ 

Now we can control the codimension for type II cases. 
Lemma 5.6. Suppose Z is of type II. Let Y = ¥{Nz/x ® O), D = V{Nz/x) and N = !Mo,„(F, D, T). Then 

codimc(CN -Cn|[/,Cn) > rk{Nz/x) - 1- 

Proof. N is a smooth DM-stack. It suffices to prove codinic(N — U, N) > rk{Nz/x) ^ 1- 

The fibration N = A4o,ra(^, D,T) ^ Z is locally trivial, and therefore reduces the problem to the fiber. Now 

it follows from the previous lemma. □ 

Lemma 5.7. Suppose N zjx '■^ convex and there is a subbundle T C Nz/x generated by global sections. Let 
Y = P{Nz/x ®0), D = P{Nz/x) and N = Mo,n{Y, D, T). Then there exists a section q e H^{Z, Nz/x), 
so that 

codimc(CN -Cn|c/,,Cn) > rk(J^) - 1, 
where Uq GTSS is a collection of relative stable maps supported away from q{Z) in Y. 

In particular, if Nz/x is generated by global sections, then we have a good bound of the codimension 
> rklNz/x) ~ 1- Now the goal is to prove Lemma |5^ i'Y^'^ means the reduced structure. 

Lemma 5.8. Suppose f : A B is a morphism of separated DM-stacks of finite type over C. Then A can be 
splitted as finite disjoint union A = YlfinUg Ai, so that 

1. For each i, Ai is irreducible and locally closed in A and then equipped with reduced structure. 

2. Set fi : Ai fiAi). Then f^^ (^fi{a)) hasdimAi — dim f{Ai) for all a £ Ai. 

Proof. Use the induction on the number of irreducible components of top dimension in the domain. Suppose 

D is an irreducible component of top dimension in A. The induced map / : D f\D) is a dominant 
morphism of integral DM-stack of finite type over C. There exists an open substack U C Z?""*, such that for any 
y e f{D"'^),dmiUy = dim £>- dim /(£>). It remains to consider / : A-D ^Bandf : D'^'^ -U B. □ 

Given an adimissible graph F for (F, D) and assume AiiY, D, T) exists. Define 

M{Y,r) := Yl -^g(^;),#legs(t,)+#i-oots(i,)(>^, &(«))■ 

vev(r) 

Because F is relatively connected, Ai (Y, F) makes sense and is the moduli space of (disconnected)-stable maps 
in Y. Note here we have used the condition: if |V^(r)| > 1, then each vertex v G V{r) has at least one root and 
b{v) / 0. 

There is a natural map 

M{Y,D,r) ^M(Y,T). 
But there is no natural arrow between two obstruction theories. The universal curve of Ai {Y, F) is 

veV(r) -^9(''),#legs(«)+#roots(^)(i', b{v)) 

Note the coarse moduH space of A4{Y, F) is projective, as shown in ||6l. 

Lemma 5.9. Suppose A is a separated DM-stack of finite type over C with pure dimension. Assume T C Nz/x 
is a subbundle generated by global sections. 

Given ip : A ^ ■M.{Y, F), then there always exists a section q G H'^{Z, Nz/x), 

such that codimc {A ~ A\ug , A) > rk( J-") — 1. Here Uq C Ai {Y, F) is defined by ( disconnected- ) stable maps 
supported away from q{Z) in Y. 
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Proof. RecaU Y = f{Nz/x ® O) mA D = f{Nz/x)- Let r = rk(^). May assume r > 2, otherwise it is 

trivial. 

Stepl 

Use the previous lemma to split A = Ugnitg A- Define Mi := V'(A) > and Mi is the image of Mi in the 
coarse moduli space M(F, T). Assume M(y, T) ^ and dimATj = dim Mj = A;,. 

If A:^ > r - 2, then pick a subplane pJV-fci+(r-2) -^^ pjv such that dim(P^-'='+(''-2) n Mj) = r - 2. Define 
two new objects by the fiber diagrams: 

yyuniy ^ J^^y, Vf^ 



Wi 



■M{Y,T) 



jJV-fe,+(r-2)p]{J. 



■M{Y,T) 



lfki<r-2, then define Wj as TWj. Note dim W^'^" < r - 1 and : WJ'"'' ^ F is a proper map. Suppose 



p projection / \ smooth , , . _n closed open 

^'^^^ Z X = \ect{®sOz) — > Vect(:r) Yect{Nz/x) i'^- 



dimp*6i-i(/,(>V™") n Vect(J")) < dim6'-i (/^(W™") n Vect(jc-)) 

= s - rkJT + dim (/i(Wr^) n Vect(:P)) 
< s — r + 1 — l = s — 1. 

Since there are finitely many W™™, there exists q gC^ such that 

i 

Such g induces an section in H°{Z, J") C 7Vz/x). 
Step 2 Claim dim(At i -Mi\u,)<ki-{r-l). 

Suppose /cj > r — 2. LetZYg"™'' := A^(F, F) —ZYg equipped with reduced structure, and i7<j be the corresponding 
coarse moduli. Argue by contradiction. Suppose not, then dimi^q™'' n Mt > ki — {r — 2). 

=^ dim t/^'^^P n Mi > /c, - (r 2). 
=^ dim J7g^°"P n M, n pW-fc.+('--2) ^ in p^. 
W™"P n Wi 7^ in M{Y, T). 

On the other hand, 

q{z)nfi(}vr) = 'l>^yViCUg, 

which is a contradiction. 

If fcj < r — 2, then a similar argument shows Mi C Kg. Therefore Mi — Mi\ug = 0- 
Step 3 

dim(A4, — Mi\ug) < dim Alj — (r — 1) and (pi : Ai ^ Mi has the fiber dimension dim A — dim 

=^ dim(A - A|w,) < dim A4i - (r - 1) + dim A - dim A^j 
= dim A - (r - 1) < dim^ - (r - 1). 

Now it follows from A - A\u, = lJfimte(A " A|wJ. □ 
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Proof of Lemma \5J\ Consider the composition A = C^^y ^ p-j — + Ai{Y, D, F) T). 

Let ^vr(y D r) (} ^'^'^ ^m{y r) '■^^ (relative) stable maps supported away from q{Z) in Y. 

Note U-j^i^Y DT) q ~ preimage of Uj^^y r) q under the natural map. Now it follows from the previous 

lemma. □ 

The next two corollaries are the building blocks of vanishing theorems of absolute GW-invariants. Accord- 
ing to Lemma IsTtI and Lemma lSTSl we define the codimension 5 corresponding to k in Lemma [S!2] as 



5 = 



rk(J^) — 1 if Z C X is of type I, and T C Nz/x is generated by global sections. 

M^z/x ) - 1 if ^ C X is of type II. 



Recall TT : y := ^{Nz/x (BOz) :== P(A^z/x © Oz) is the blow up along Z, and D := ¥{Nz/x) C Y. 
Let A (Z [n] , aa e H*{Y) for a e A 7i e H*{Y) for i e [n], and G H*{D). See the paragraph before 
TheoremI L 7 1 about notation of GW-invariants. 



Corollary 5.10. Suppose Z (Z X is of type I or II. Let T be an admissible weighted graph for {Y , D), and 
TTA* be a composition of push-forward and the map forgetting the [n] — A legs. Assume M{Y, D, tta*^) makes 
sense. 

IfT satisfies both conditions 

{genus-zero weight g : V{T) ^ Z>o, 
homology weight b{v) ^ 7r'7r*5{w) for at least one vertex v G ^(r)- 

Then we have 

^ ^ _ ^ r 

(7r*Q!A ■ T,7[„] \ti,--- ,tr)^^'^^ ^ Owhen deg + ^ degtj > 2vdimcA^(y, -D, tta*? ) - 2(5. 

1=1 

Proof. For the type I case, let q G H'-\Z, Nz/x) be the section found in Lemma ISTtI For the type II case, let q 
be the zero section. Apply Lemma l572l to the map 

(p:M = M{Blq^z}Y, D, f) ^ M{Y, D, 7r,f) ^ M{Y, D, ttaX) = N, 

where [/ C N collects all relative stable maps supported away from q{Z). 

f has genus-zero weight g : V{r) =5 Z>o, and Nz/x is convex. 
=^M = M{Blq(^z)Y, D, f) M{Y, D, 7r*f ) has compatible perfect obstruction theories. 

Ai{Y, D, TT^T) MiY, D, 7r^*r) = N also has compatible perfect obstruction theories because it forgets 
[n] — A legs. On the other hand, b{v) ^ Tr-TT^,b{v) for at least one v G ^(F) implies that V'(M) DU = 9- The 
second assumption in Lemma ls!2l follows from Lemma l5?7l and Lemma l53] □ 



Corollary 5.11. Suppose Z C X is of type I or II. Suppose F is an admissible weighted graph for (Y , D) with 
genus-zero weight g : V{T) ^ Z>o. Let tta* be c 
[n] — A legs. Assume M{Y, D, tta*^) makes sense. 



genus-zero weight g : V{r) —5 Z>o. Let tta* be a composition of push-forward and the map forgetting the 



If one further assumes j G [n] andto^jy G H*(Y) with PDyiuj^jy) sitting inside the image of Hr{E) - 
HiriY), where E is the exceptional divisor, then we have 

^ ^ ^ _ ^ r 

{TT*aA • T,7[„] ■ \ti,- ■ ■ ,tr)'p''^'' ^ Owhen deg + dcg tj > 2vdimcA^(y, D, tta^F) - 2S. 

1=1 

Proof Apply CorollaryElto M' ^ M = M{Y, D, f) ^ M{Y, D, tta^T) ^ N 



E ^Y. 

Any curve [C Yi Y] G M' touches the exceptional divisor in Y, therefore the correponding image in N 
touches Z cY. Now it follows from Lemma I5l7l and Lemma ISTSl □ 
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5.2 Absolute case 

Recall TT : X — > X is the blow up along Z. In the following theorem, sets /, J, K, A can be empty sets. When 
A is empty, deg ua will be counted as zero. 

Theorem 5.12. /, J, K are disjoint sets with J c [n]. Suppose Z = (Uiej ^i) U (UjGj ^j) ^ (Ufeeif ^k) is 
a disjoint union of submanifolds in X, with the following assumptions: 

1. For each i G I U J, Zi G X is either of type I or of type II. 

2. For each k G K, Nz^jx is convex. 

3. The curve class (3 = n'p + X^^gj rf,ei + J2jeJ ^i^J + Sfeeif ^k^k with di ^ for all i G I, and 
7^ /? e H2{X). Here e, are the line classes in the corresponding exceptional divisors. 

4. CO J is a collection of cohomology classes in H*{X). And PD^{wj) lies in the image of H^{Ej) — > 
H,{X). 

For i G lU J, define 

c _ i rk(.F) — 1 ifZi c X is of type I, andT C Nzi/x is generated by global sections. 

^'-\ rk(iVz,/x) - 1 ifZi C X is of type 11 

Then 

{n*aA ■ T,7[„] • uj )^^^^ = when deg > 2vdimc7Wo,A(X, P) - 2^6^ - 2^6j. 

Here a a is a collection of cohomology classes from X with A C [n], and t,7[„] are arbitrary descendant 
insertions ofX. 

Proof ForiGlUJUK, define 

:= PzANz,/x © Cz.), TT, : := Blzji ^ A ^zA^zux) C Y,. 
Apply the degeneration for blow-up: 

Given (f, {fj}ie/, {f jj^e j, {f felfee^) e i^o.n.^a > have 

(tt^^F, {7ri_^_,ri}ig/, {7rj,^_»rj}jgj, {7rfe,A,*rfe}feeif) G f^o,n,/3, 

where tTj^a,*, tTj^a,* and i^k.A,* are the compositions of push-forward and the map forgetting marked legs cor- 
responding to [n] — A in the absolute case. Note for each i e /, F, can't be empty, and hiji) ~ 7r-6(7ri ^Fj) -|- 

Let 9Q,0l,0j,9l. refer to the distribution of insertions to various pieces X,Yi,Yj,Yk. We can choose the 
distribution so that 

1. 6* Tr*aA , Oj 1^*0. A and 0\ 1^*0. a are the puU back of cohomology classes from Fj , Yj and Y^. 

2. d* LOj are distributed to the corresponding divisors in Yj, for j G J. 
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Argue by contradiction, suppose the invariant is not zero, then there exists 

(r, {Tijtei, {^j}jeJ, {Tk}keK) e 

VeH* {Df°°'' °f ^' ) , for i G / U J U i^, 



so that 



% Tr*aA -Oq t,7[„] {{U }iei\{tj }jej\{tk }keK) 



^0, 



9* TT^A -0* T,^n] I V ^ for all i e /, 



9* -Q* T.7[„] -e* ujj I ^ for all j e J, 



[Bl T:*aA -ei r.7[„] | tk )fl;'''''^ ^ for all k^K. 

Given i G / U J U A' , define dcg 9* TT*aA '■= X^aeAniegsoffi degaa, then we have 

>v > 

deg U + dege* TT*aA < 2vdimcM{Yi, Di, 7r,,A,*f i) - 2(5, 

deg +deg6'* ■K*aA < 2vdimcM {Yj,Dj,'Kj_A,*i'j) - 26j 

,v > 

deg tk +deg6'fc Tr*aA< 2vdimcM{Yk, Dk,TTk,A,*i^k) 

On the other hand, by the assumption on deg a a , we have 

deg9QTr*aA + ^ deg 9* n* a a + ^ deg + ^ dcg U 

ieiuJuK ieiuJuK ieiuJuK 

= deg n*^A +2 ^ (dim D,) • (#roots of f ,) 

ieiuJiiK 

>2vdimc7Wo,A(^,/3)- 2^5^-2^(5^ +2 ^ (dim A) • (#roots of f,) 



by CorollarylSIOl 
by Corollary |5TTJ 
by Lemma |S!2l 



iei jeJ ieiuJuK 

2 ^ vdimcM{Y^,D,,n,^A^,fi)-2j2s^-2j2Sj+2vdimcM{X, JJ A,^A*f) 



ieiuJuK 

Combine all inequalities, we obtain 



iei 



deg9*„Tr*aA+ deg > 2vdimcX(X, ]J A,7rA»f). 

ieiuJuK ieiuJuK 

However, M{X, 11,^/^,;^^' -^i, f ) ^ A^(^, UieiuJuK A' ""A*? ) forgets {the marked legs off} - A, and 
therefore has compatible perfect obstruction theories. 

=^ {9*„ 7rV4 -^^o r^n] \{Vhei\{V}jej\{t,^}keK)^r^^'^'^'"'^'''''^ = by Lemma 



which is a contradiction. 



□ 



Example 5.13. Suppose X is an algebraic surface, which is neither rational nor ruled. Let Xq be the minimal 
model of X. Since GW-invariants are deformation invariant, we may assume n : X ^ Xq is the blow-up at r 
distinct points ai, • • • , a^. Suppose ^ P E H2{Xo). 

Kxo is nef =^ vdimc7Wo,o(^o, /?) - (2 - 3) + - /3 n ifxo < -1- 

Assume fi = w [3 + Yl\=i dk^k, where dk E Z. We apply the previous theorem to the case Z — Ufce/f — 
{oi, • ■ • , ttr}, with the set / = ,/ = A = 0. We have 

deg q;a = > -2 > 2vdimcAlo,o(-^o,/3)- 
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By the previous theorem, g — descendant GW-invariants of X are all zero if /? ^ 0. Since exceptional divisors 
are disjoint, 

, \ X _ / invariants around the exceptional divisor , if /3 = dkCk for some k, with dk > 0. 

[Tam, ■ ■ ■ '^a.7«;o^„j - I Q ^ Otherwise. 

The first case can be computed by obstruction bundles. 

When Pg{X) > 0, this result can also be deduced from Image Localization Theorem in 1201 (see also lfT6ll 
for algebro-geometric analogue)in symplectic geometry. In fact. Image Localization Theorem is much more 
powerful than our argument because it can also handle higher genus GW-invariants when pg > 0. 

Example 5.14. Suppose Kx is nef, and Z is a smooth curve in X with genus g{Z) > 1. Then we have zero 
descendant GW-invariants 

(• • • )^^^ ^ = 0, when P = f3 + de e H2{X) with /3 7^ and d ^ 0. 

To see this, note \d\mcM{),o{X, (3) ~ dimX — 3 + — /3 n Kx < d\mX — 3. Apply the vanishing 

theorem to J = K = A = 0, then 5 = codimc(^, X) - 1 dimX - 2. Hence deg = > -2 > 
2vdimcAlo,o(^,/3) -2^. 

Example 5.15. Let Z ~ P^, and X is the projective completion of 0(— 3) © 3) Z. This example shows 
Theorem l5. 12l doen't not hold for arbitrary blow-ups. Let tt : X ^ Xhs the blow-up along Z. The exceptional 
divisor is i? ^ Z x with normal bundle iV^/^ - ^'^(-3) Kl C'(-l). Let [^1] and [^2] be the line classes in 
ZandPi. 

E ^ X ^ X ^ Z. 

Then 7r'[£i] = - 3^2). Consider A^o,i(l, -> A^o.o(^,d^i) with d > L Let / = J = A = 
in Theorem |5?T2l We have deg aX= > 2(1 - M) 2vdimc!Mo,o(^, ^^^i)- If Theorem |5l2 holds in this 
example, then it implies all GW-invariants of A^o,i(^, are zero. 

On the other hand, {E + ?>'n:*p* Hi)\e = —H2 G H^{E), where Hi and H2 are hyperplane classes of Z and 
pi in E. Let Ud Mo..o{Z, d£i) be the obstruction bundle associated to 0(-3) Z. 

{37r*p*Hi A{E + 3^*p*i/i))ifi ^ - I Ctop{Ud) n ev*(i/i S i/2) 

= -d _ ctop{Ud) = -d- Kd- 

The number Kd has been computed in ll24l . and is non-zero in general (e.g. Ki = 3). 



Example 5.16. Suppose Nz/x is generated by global sections and has rank r. Let E be the exceptional divisor 
ofTT -.X ^ X. Given > 0, 7^ /3 G i?2(^) and € then 

n 

(£;°i7r*ai, £;"^7r*a2, ■ • ■ , ^^""7r*a„) J„_^i^ = when < ^ a, < r - 1. 

To see this, may assume ai > 0, then apply Theorem l5.12l to: 

' K = %wA5 = r -1, 
J = {1} C [n] with wi = £"^1, 

Qfyi = (ofi, • • ■ , a„) with j4 — [n] 

7[„] = all remaining insertions. 

n 

Then deg 0^1= vdimcA^o,ri(-^, tt'/?) — > vdimcA^o,n(-''^, /?) — — 1)- Therefore the invariant 

i=l 

vanishes. One can use the similar argument to M.Q,n{X, 7r'/3) MQ,n-m,{X, (3) and show that if 1 < m < n, 
then 

n 

(£;°i , £;°=, • • • , S"", S"-+i^*a„+i, , -E""7r*a„)L,,i^ = when ^ a, < r - 1 + m. 
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If there are too many insertions coming from the exceptional divisor, then the invariant may not vanish. For 
example, take X =P'^ and Z = a point. Let [£] be a line class in X. A computation in f7 1 shows 

{E',E^--- ,E')l,,^,, = -2332^0. 

Remark 5.17. 

1. Suppose Z ^ ZiY[Z2 with Nz-/x both generated by global sections. Let n : X — BlzX X and 
TTi : X ^ Xi = BlziX. To test if a GW-invariant of X vanishes or not, using different base manifolds 
can yield different vanishing criteria. For example, let 13 = Tr'f3 + diCi +^262 G H2{X) with di , ^2 > 0. 
Ifaa e i7*(Xi),then 

{■KlaA ■ T,7[„] = when deg ua > 2Ydm\cMo,A{Xi, (i + diei) - 2Y]^{Nz^/x)■ 

However, this result can not be deduced from the vanishing criterion for X ^ X because ua may not 
come from cohomology classes of X. 

2. It is not necessary to test all possible base manifolds. In Theorem 15. 121 suppose / = /-|_ ]J /_ such that 

P ~ TT' f3 + diCi + djCj + dkCk with rf,; > for all i G /+, and di < for all i <E 

iei jeJ keK 

A simple argument shows : if an invariant of X satisfies the vanishing criterion for X X, then it 
automatically satisfies the vanishing criterion for X ^ )X, where Z/_ = Zi. 

iei- 
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